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1 Introduction

In thelastyearsm any stepshavebeen taken toward a betterunderstanding

ofthe dualities between �eld theory and string theory. One direction was

initiated in [1]and consisted in studying thelargeN dualitiesin thecontext

oftype A topologicalstrings. This topologicalduality was em bedded in

thephysicalsuperstring theory in [2]and then furtherdeveloped in [3,4,5,

6,7,8,9](see also [10,11,12]foran alternative approach,involving brane

con�gurations).Them ain resultofthesestudieswasam ethod ofcalculating

thee�ectivesuperpotentialofafour-dim ensional�eld theoryusingaspectsof

the
ux con�gurationsand ofthegeom etry ofthecom pact/transversespace.

Itisnaturaltosuspectthatsim ilardualitiesexistforthetypeB topolog-

icalstringson Calabi-Yau m anifolds.They havebeen discussed in aseriesof

papersbyDijkgraafand Vafa[14,15].On theclosed stringsideoftheduality

thee�ectivesuperpotentialofthefour-dim ensionalgaugetheory isgenerated

by the Gukov-Vafa-W itten (GVW ) superpotential[3]. On the open string

sideoftheduality thefour-dim ensionalgaugetheory isrealized by wrapping

D-braneson certain 2-cyclesand thee�ectivesuperpotentialisgenerated by

thetopologicalopen stringtheory livingon thesecycles.Thisisdescribed by
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theholom orphicChern-Sim onstheory which becom esasim plem atrix m odel

with thepotentialgiven by thesuperpotentialofthegaugetheory.Building

on theseresults,a strongerclaim hasbeen argued in [16],stating thatfora

classofN = 1 theories,with �eldsin the adjointand bifundam entalrepre-

sentationsofthe gaugegroup,the e�ective superpotentialcan be expressed

in term softhe planarfree energy ofthism atrix m odel. Using �eld theory

techniques itwasshown that,form odelswith one chiral�eld � in the ad-

jointrepresentation and a treelevelsuperpotentialW (�),thetruncation to

planardiagram sappeared due to the holom orphy ofthe expected e�ective

action [18]and/or to the cancellation ofdependence on m om enta between

thebosonicand ferm ionicintegrals[17].

Itisinteresting toextend theoriginalargum entsofDijkgraafand Vafato

include�eldsin otherrepresentationsofthegaugegroup.Thecaseof�elds

in thefundam entalrepresentation wasdiscussed extensively in [20]-[39](see

also [40]for progress in other directions),in generalwithout reference to

any possible string theory realization ofsuch theories1. It turns out that

them atrix/gaugetheory relation im pliesthatthe
avorcontribution to the

e�ective superpotentialis exactly taken into account by the one-boundary

freeenergy ofthecorresponding m atrix m odel[21,25,30,37].

Itishoweverratherdi�culttoextend theseresultstotheorieswith m ass-

less
avor�elds.Indeed,in thiscasethelow energy theory isnotdescribed

only in term softhe glueballsuper�eld asthe naive m atrix m odelpredicts,

butitm ustalso contain quark bilinears.An attem pttohandlethiscasewas

introduced in [24]and requires the introduction ofdelta functions relating

them atrix m odel
avor�eldswith the corresponding gaugetheory m esons.

An alternate suggestion was presented in [30]and involves deform ing the

naivem atrix m odelby m assterm sforallm assless�eldsand then com puting

the superpotentialfrom the one-boundary free energy. The gauge theory

superpotentialisobtained by integrating in,in the gauge theory sense,the

�eldsthatwere originally m assless and then taking the m assless lim it. Fi-

nally,these two procedureswere shown to be equivalentin [39]. There the

gaugetheory m eson �eld isidenti�ed with theLagrangem ultiplierenforcing

them asslesslim it.

In this paper we reconsider the geom etric argum ents which led to the

m atrix m odel/gauge theory duality. Firstwe generalize the resultsof[3]to

1Exceptionsarereferences[31]and [35],wheretheapproach considered isdi� erentfrom

the oneweuse in ourpaper
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thecaseofan adjoint�eld ofarbitrary m assaswellastothecaseofm assless

quarks. As the results of[14,15,16]were based on geom etric transitions

relating open and closed string theories,ournew resultsshed a new lighton

the m atrix/gauge theory relation in the presence ofm assless�elds. W e use

theT-dualbranecon�gurations[10,11,12,13]to understand thedynam ics

ofthe �eld theory,asthe m assofthe adjoint�eld aswellasthe m assand

vevsofthe�eldstransform ingin thefundam entalrepresentation ofthegauge

group can beread from thepositionsofthedi�erentbranes.

It is im portant to stress that in our treatm ent the 
avor �elds are de-

scribed by D5 braneswrapping noncom pacttwo-cyclesand thesebranesex-

ist on both sides ofthe transition. This is very sim ilar to the situations

encountered in theanalysisofdefectCFT-s[53].On theopen string theory

side the gauge theory isrealized on the com m on partofthe world volum e

ofD5 braneswrapping the com pactP1 cycle ofthe sm allresolution ofthe

conifold and ofD5 braneswrapping the noncom pactP1 cycles. Because of

the noncom pactness ofthe D5 braneswrapping the noncom pactcyclesthe

open stringsstretching between them yield no dynam ical�elds.On thisside

oftheduality thegaugetheory e�ectivesuperpotentialwillbegenerated by

the dynam ics ofopen strings governed by the holom orphic Chern-Sim ons

theory [43].

Afterthegeom etrictransition (which correspondsto thestrong coupling

lim it ofgauge theory) the D5 branes wrapping the com pact cycles are re-

placed by 
ux.The braneswrapping noncom pactcyclessurvive the transi-

tion and can be interpreted asprobesofthe deform ed geom etry with 
ux.

They give rise to dynam ical�elds which,roughly speaking (we willm ake

thisprecise later),can be identi�ed with the gauge theory m esons. In this

form ulation ofthegaugetheory thee�ectivesuperpotentialreceivestwocon-

ceptually di�erentcontributions.The �rstpartisthe 
ux-generated super-

potentialwhile the second part is given by the dynam ics ofopen strings

startingand ending on therem ainingD5branes.Thislatterpartreproduces

the results of[21]for m assive 
avor �elds as wellas the ones previously

obtained in [46]forthem asslessones.

Finally,we explain the appearance ofthe delta function identifying the

gaugetheory m eson and them atrix m odelquark bilinearboth from a topo-

logicalstring perspective aswellasusing theM 5 branedynam ics.

Before proceeding in the following sections with the geom etric analysis

letus�rstsum m arize the gauge theory resultswe willrecover,nam ely the

superpotentialforan N = 1 gauge theory with both m assive and m assless
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quarks,a m assive �eld in theadjointrepresentation ofthegaugegroup and

Yukawa interactions.

1.1 Field theory results for arbitrary m ass for the adjoint �eld

Consideran N = 2 theory with gaugegroup U(N c)and m assive and m ass-

lessquarks and consider breaking supersym m etry to N = 1 by turning on

arbitrary m assterm forthe adjointchiralm ultipletaswellasallowing the

Yukawa coupling tobedi�erentfrom thegaugecoupling.Denotingthem as-

sivequarksby Q (1) and ~Q (1),thetreelevelsuperpotentialis:

W =
p
2gTr[~Q�Q]+ m Tr[Q (1)~Q (1)]+ �Tr�2 (1)

TodiscusstheHiggsbranch ofthistheory one�rstintegratesouttheadjoint

�eld �.Therenorm alization group �xesthedynam icalscaleoftheresulting

theory to be

�
3N c�N f

N = 1 = �
N c�

2N c�N f

N = 2 (2)

whilestandard nonrenorm alization theorem argum entsim ply thatperturba-

tively thesuperpotentialisjust

W =
g2

2�
Tr[(Q ~Q)(Q ~Q )]+ m Tr[Q (1)~Q (1)] (3)

For� ! 1 ,thissuperpotentialapproacheszero and wethen obtain N = 1

SQCD.

Using sym m etry and holom orphy argum entsaswellassm oothnessin the

lim itg ! 0 one can show that,ifN f � N c � 1,the e�ective superpotential

ofthistheory isjust

W =
g2

2�
Tr[(Q ~Q)(Q ~Q )]+ m Tr[Q (1)~Q (1)]+ (N c� N f)

2

4
�
3N c�N f

N = 1

det(Q ~Q)

3

5

1

N c� N f

(4)

where the lastterm representsthe nonperturbative contributions. At�nite

valuesforthem assoftheadjoint�eld and genericvaluesofthem assofthe

quarks,theexpectation valueofthem eson �eld M ij = Q i
~Q j hastwotypesof

diagonalentries[46].Asthe m assoftheadjoint�eld istaken to in�nity all

thesevacuarun away toin�nity and thereisnovacuum leftat�nitedistance

in them odulispaceofN = 1 SQCD with m asslessquarks.
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Asstated previously,wewillrecoverthesuperpotential(4)(and thusall

its consequences) from geom etric considerations. W e also �nd a geom etric

interpretation ofthe‘integrating in/outm ethod" of[42].To achievethis,we

willbegin by discussing the sm allresolution ofthe conifold in the case of

�niteadjointm ass.

2 Engineering of m assive adjoint �elds and m assless


avors

In thissection we describe the details ofthe geom etric engineering of�eld

theorieswith an adjoint�eld of�nite m assand m assive and m assless
avor

�elds.W ebegin byreviewingsom eresultsof[12]concerningtheconstruction

ofN = 2 �eld theoriesaswellasthe addition of�eldsin the fundam ental

representation ofthegaugegroup.W ethen proceed tobreak supersym m etry

by a �nitem assfortheadjoint�eld aswellasto �nd thegeom etricinterpre-

tation ofthe gauge theory m eson �eld. In the nextsection we willdiscuss

thegeom etrictransition ofthissetup.

2.1 N = 2 theories from G eom etry

The �eld theory ofinterest is realized on the world volum e of(fractional)

braneswhose transverse space isthe tensorproductofan ADE singularity

with a two-dim ensionalplane.Theresolved spacecontainsa collection ofP1

cycles,togetherwith theirnorm albundles. Foreach cycle thisisO (�2)�

O (0). The O (0)�bers represent the Coulom b branch ofthe gauge theory.

Inclusion of�eldsin the fundam entalrepresentation ofthe gauge group as

wellasbreaking ofsupersym m etry to N = 1 by a �nitem assparam eterfor

thechiralm ultipletin theN = 2 vectorm ultipletis,to som eextent,clearer

in the brane realization ofthe theory. W e willsum m arize this description

which is related to the geom etric one by T-duality. For this we need to

exam inein slightly m oredetailthegeom etricdescription.

Thetotalspaceofthenorm albundleoverthei-th P1 can becovered with

two patchesC 3

i;S and C
3

i;N ,whereN and S refertotheNorth and South pole

ofthecorresponding P1 cycle.Thetransition functionsaregiven by

Z
0
i =

1

Zi

Y
0
i = YiZ

2

i X
0
i = X i : (5)
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Clearly,the coordinate X i param eterizes the trivial�bers O (0) while the

rem aining coordinatesdescribe the totalspace ofO (�2)
�
�
�
P
1
. To plum b the

setofP1 cycles(togetherwith theirnorm albundles)and reconstructthefull

space one usescertain identi�cationsdictated by the ADE Dynkin diagram

associated to thechosen singularity.

An N = 2 �eld theory is constructed by wrapping D5 branes on the

P
1
cycles. The precise interactionsofthistheory depend on the singularity

we started with,i.e. they depend on the intersection ofthe P1 cycles. For

exam ple,in the case ofa resolved A n singularity,the n copiesofO (�2)
�
�
�
P
1

areconnected by theidenti�cation

Y
0
i ! Zi+ 1 Z

0
i ! Yi+ 1 X

0
i ! X i+ 1 (6)

which m eansthatthe north pole ofthe i-th P
1 cycle m eets the south pole

ofthe i+1-th P
1
cycle. By considering such a singularity togetherwith N i

D5 branes on the i-th P
1 cycle we have a gauge theory with gauge group

Q n
i= 1U(N i)and hyperm ultipletsFi; ~Fi;i= 1;� � � ;n� 1 in thebifundam ental

representations(N i;�N i+ 1)and (�N i;N i+ 1)respectively,aswellasa superpo-

tentialconsistingofYukawainteractionsofthe�eldsin (N i;�N i+ 1),(�N i;N i+ 1)

and (N i+ 1;
�N i+ 1).

To translate the geom etricalpicture into a brane con�guration we split

the angular and radialdirections ofthe P1 cycles,and we reduce the geo-

m etricalpictureto onewheretheangulardirection isrem oved.Thism eans

considering a \skeleton" ofthe geom etricalpicture. This can be achieved

by a T-duality [10,11,12].TheT-duality direction isa circleaction on the

norm albundleovertheP1 cycle,given by

Zi! e
i�
Zi; Yi! e

�i�
Yi (7)

Z
0
i ! e

�i�
Z
0
i; Y

0
i ! e

i�
Y
0
i ;

whose orbits degenerate2 along Zi = Yi = 0 and Z 0
i = Y 0

i = 0. By using

[50],thelinesofsingularity getm apped into n parallelN S5 branes.TheN i

D5 braneswrapped on theblown-up P1i cyclearem apped into N i D4 branes

suspended between thei-theand (i+ 1)-th N S5 brane.

In thepresentdiscussion weareinterested in theinclusion of�eldstrans-

form ing in thefundam entalrepresentation ofthegaugegroup.In thebrane

realization ofthetheory such �eldsareintroduced by including sem i-in�nite

2By abuseofterm inology we willcallthesedegenerateorbits\linesofsingularity".
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D4 braneswhich end on the NS branes. Letusconsiderthatwe have N f;i


avorsin thefundam entalrepresentation ofU(N i)and denotethese�eldsby

Q i;~Q i;i= 1;� � � ;n.Ifthe fundam ental
avorsare m assive,we denote their

m assesby m i.They aregiven by thedistancealongtheN S5branesbetween

theendpointofthecorresponding sem i-in�niteD4 braneand theD4 branes

describing theU(N i)partofthegaugegroup.

W ith thisstarting pointitiseasy to constructthe geom etric version of

thesetup byperform ingtheinverseof(7).Theresultisthatin thegeom etric

picturethe�eldstransform ingin thefundam entalrepresentation ofthegauge

group are introduced as D5 branes wrapping non-com pact holom orphic 2-

cyclesgiven by:

Yi= 0 or Y
0
i = 0; X = m i (8)

The choicesYi = 0 orY 0
i = 0 are identical,asthey describe the sam e point

in thetotalspace.

2.2 N = 1 theories from geom etry;m assless quarks

W enow deform thegeom etry by addingsuperpotentialsfortheadjoint�elds

(including m ass term s). Generic theories without m atter �elds have been

analyzed in detailin [12]. W e discusshere the sim plestm odel,obtained by

addingjustthem assterm fortheadjointchiralm ultipletin theN = 2vector

m ultiplets,which breaks supersym m etry to N = 1. 3 The superpotential

willthereforebe:

W =

nX

i= 1

(
m

2
Tr�2

i (9)

+ Tr(Fi�i+ 1
~Fi� ~Fi+ 1�iFi+ 1 + �iQ i�i

~Q i+ �
0
iQ i+ 1�i+ 1

~Q i+ 1))

where �i and �0i are
p
2g ifthe Yukawa interactionsare to preserve N = 2

supersym m etry,butcan havearbitrary valuesfortheN = 1 theories.

Fora betterunderstanding webegin by considering a theory with gauge

group U(N ) and N f �elds in the fundam entalrepresentation, with m ass

param eters m i. Before supersym m etry breaking,this is the world volum e

3In thissection weconsiderthe� eld theory and geom etry deform ationswhen them ass

forthe adjointchiralm ultipletis� nite orin� nite. A sim ilardiscussion appeared in [54]

forthe case ofbranesprobing singularities,whereasin ourcase we dealwith D5 branes

wrapped on blown-up cycles.
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theory ofN D5 braneswrapped on thenontrivialP1 cycleofa blown up A 1

singularity and N f D5 braneswrapped on thenoncom pactcyclesde�ned by

Y = 0;X = m i i= 1;:::;m (10)

or

Y
0= 0;X = m i i= 1;:::;p (11)

with

m + p= N f : (12)

Thebranecon�guration correspondingtothisgeom etry isconstructed outof

two parallelN S5 braneswith N D4 branessuspended between them aswell

asm and p sem i-in�niteD4 branesending on theleftand rightN S5 brane,

respectively.In thislanguagesupersym m etry breakingisrealizesby rotating

the N S5 branesrelative to each-other. The rotation angle isa function of

them assoftheadjoint�eld.

The T-duality described in the previoussection providesthe connection

between the rotated brane con�guration and geom etry. Roughly speaking,

rotating theN S5 branescorrespondsto �bering theA 1 singularity overthe

dim ensionalplane. In otherwords,the norm albundle ofthe blown up P
1

ism odi�ed. The �elds transform ing in the fundam entalrepresentation are

stilldescribed by D5 braneswrapping noncom pactcycles. Unlike the situ-

ation above,afterthe rotation the two choices ofcycles becom e physically

inequivalent.

Two lim itsofgeom etry asa function ofthe m assofthe adjointare im -

portantto discuss:

� P
1 with norm albundleO (�2)� O (0),obtained fora zero m assforthe

adjoint �eld. In this lim it the �eld theory has N = 2 supersym m etry,as

discussed in theprevioussection.

� P
1 with norm albundleO (�1)� O (�1)(theresolved conifold),obtained

foran in�nitem assfortheadjoint�eld.In thislim itthe�eld theory in the

world volum e ofthe D5 branesisN = 1 SQCD lim it,i.e. the �eld in the

adjointrepresentation isdecoupled.

This latter choice is described by two copies of C 3, param etrized by

(X ;Y;Z)and (X 0;Y 0;Z 0),togetherwith thetransition function:

Z
0= Z

�1
;X

0= X Z;Y
0= Y Z : (13)
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Asdiscussed in [10],thesingularconifold isrecovered through theblowdown

m ap

x = X = X
0
Z
0
;y = ZY = Y

0
;u = ZX = X

0
;v = Y = Z

0
X

0 (14)

which im pliesthat

xy� uv = 0 (15)

which de�nestheconifold atthesingularpoint.Thism ap togetherwith (7)

induce a circle action on the coordinates in the two patches which can be

used to translatebetween thebraneand geom etricdescription:

Z ! e
i�
Z ; X ! X ; Y ! e

�i�
Y (16)

Z
0
! e

�i�
Z
0
; X

0
! e

i�
X

0
; Y

0
! Y

0
:

The linesofsingularity are Z = Y = 0 in the �rstC
3
and Z 0 = X 0 = 0 in

the second C
3,which are clearly orthogonal. Thus,the brane con�guration

correspondingtothesm allresolution oftheconifold containstwoorthogonal

N S5 branes.

Let us now analyze the �elds in the fundam entalrepresentation. As

we discussed before,they correspond to D5 branes wrapping non-com pact

holom orphiccycles

Y = 0; X = m (17)

orto D5 braneswrapping a non-com pactholom orphic2-cycles

X
0= 0; Y

0= m : (18)

Thus,wenoticethataftertheA 1 singularity was�bered overthetransverse

two dim ensionalspace,thesetwo cyclesareno longerequivalent.Indeed,as

thelinesofsingularityinthegeom etryarenow alongtheX and Y 0directions,

aftera T-duality on theaboveorbitwegettwo orthogonalNS braneson the

directionsX and Y 0.TheD5braneswrapped on thecom pactP
1
arem apped

into �niteD4branes(between thetwo orthogonalNS branes)whiletheones

on the non-com pact holom orphic cycles m ap into sem i-in�nite D4 branes

which can end on oneNS braneortheother.

Therearealso N = 1 branecon�gurations(and geom etries)which corre-

spond to �nite m assesfortheadjoint�eld.Aswestated above,in term sof

brane con�gurationsthism eansthatthe NS branesare neitherparallelnor

9



orthogonal.By a T-duality wecan add a circleto this\geom etricskeleton"

and obtain a geom etry wherethelinesofsingularity areneitherparallelnor

orthogonal.To m akethism oreconcrete,thetransition function X 0= X Z is

replaced with X 0= X rZ where X r issom e function ofX ; Y and Z. Thus,

thegeom etry isnow:

Z
0=

1

Z
; X

0= X rZ; Y
0= Y Z (19)

Taking

X r = X �
1

m adj

Y Z (20)

and using the blowdown m ap (14)we �nd the following deform ation ofthe

singularconifold:

uv� y(x�
1

m adj

y)= 0 : (21)

In the lim itofin�nite m adj we recovertheusualconifold geom etry while in

thelim itofvanishing m adj rescaling u and v leadsto theA 1 � C.

Theorbit(16)hastheform :

Z ! e
i�
Z ; X r ! X r ; Y ! e

�i�
Y (22)

Z
0
! e

�i�
Z
0
; X

0
! e

i�
X

0
; Y

0
! Y

0
;

and we observe thatthe degeneration isindeed along the union ofcom plex

lines along X r in the �rst C
3
and Y 0 in the second C

3
. As prom ised,T-

duality on thisorbitproducesacon�guration oftwo N S5branesatan angle

determ ined by X r.

W e can reach a sim ilarresultby starting with the N = 2 geom etry (5)

(with i= 1)and deform ing thetransition functionsto

Z
0= 1=Z ; Y

0= Y Z
2 + m AX Z : (23)

To see whathappenswhen we vary the m assofthe adjoint�eld,we switch

again to them ap (14)and �nd

uv� y
2 + m Axy = 0 ; (24)

which isthesam eequation wehad before,up to a rescaling ofu and v.

The geom etric transition takes us to a deform ed conifold. Since there

exists a holom orphic change ofcoordinates which casts equation (24) into

10



thatoftheconifold,onem ay say thatthetwo geom etriesdescribethesam e

physics.Thisis,however,notthecaseasvariousboundaryconditionschange

under these transform ations. Anticipating later argum ents,the boundary

conditionscan benaturally chosen in onecoordinatesystem whilethecom -

putations are easier in the other one; the coordinate transform ation will

introduce a dependence on the m ass ofthe adjoint �eld in the boundary

conditions.

Up to now wehavediscussed thegeom etricconstruction ofm assive�elds

in the fundam entalrepresentation ofthe gauge group. Our m ain goalis,

however,to �nd a geom etric description ofm asslessm atter�elds.To reach

thisgoalwestartwith thebranecon�guration describing such �elds[44]and

then subjectitto T-duality transform ationsalong theorbit(22).

There are two choices ofintroducing m atter,one with sem i-in�nite D4

branesand theotherwith D6branes.In thefollowing wewilluseD4 branes

forthispurpose and begin by describing the setup atvanishing string cou-

pling,when allbranesarerepresented by straighthyperplanes.

D4m

D4M

D4c
m

M
�

89
6

45
NS5 NS5

0

Figure1: Braneconstruction .

To be speci�c,we consider the con�guration in �gure 1. The dashed

line represents the directionsorthogonalon the (456)space. The factthat

the N S0 brane isnotorthogonalon this3-space correspondsin �eld theory

language to introducing a superpotentialquadratic in the chiralsuper�eld

transform ing in the adjointrepresentation ofthe gauge group. Thiscan be
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easilyseen usingsym m etryargum ents[46,47].TheN = 2theoryisinvariant

underU(1)� SU(2)R-sym m etry which correspond to rotationsin the(45)

and (789)directions,respectively.In therotated branecon�guration SU(2)

isbroken to U(1)corresponding to rotationsalong the N S0 directions. De-

notingbyx thecoordinatealongtheN S braneand byythecoordinatealong

theN S0one,itfollowsthatthey areproportionaland thattheproportional-

ity coe�cientischarged underboth U(1)R-sym m etry groups,with charges

ofthesam em agnitudeand oppositesign.Theonly �eld theory objectwith

thesepropertiesisthem assoftheadjoint�eld.

Let us now discuss the interpretation ofthe position ofthe end ofthe

D4 branes on the N S and N S0 branes. Separating the D4 branes induces

a breaking ofthe U(N f)
avorsym m etry. Ifthe separation isin the (4;5)

direction,then itshould beinterpreted asa �eld theoreticm assterm forthe

quarksasthisisthe only param etercharged underthe corresponding U(1)

sym m etry.Iftheseparation isalongtheN S0branethisshould beinterpreted

asbreakingduetoanonvanishingeigenvalueforthem eson �eld.Indeed,this

istheonly �eld theoreticobjectcharged underthesecond U(1)R sym m etry.

Atvanishingstringcoupling,itispossibletounderstand from �gure1the

phenom enawhich occurwhen onechangesthedescription ofthetheory from

having a m assive �eld to having a bilinearin that�eld with non vanishing

expectation value.Indeed,allonehastodoistotransform aD4m braneinto

a D4M one. Thisispossible only by recom bining the D4m brane with one

ofthe colorbranes. Underthisoperation the gauge group isspontaneously

broken,asatvanishing (string)coupling theonly way fora bilinearin �elds

to havevev isforeach ofthetwo factorsto havea vev.Thus,in theprocess

ofchanging the description ofthe theory from having a m assive �eld to

having a bilinear with non vanishing vev,the rank ofthe unbroken gauge

group decreaseswith thenum berofD4m branestransform ed intoD4M .This

recom bination ofdi�erenttypesofD4branescan beinterpreted astheanalog

ofthe�eld-theoretic\integrating in/out" procedureof[42].

At�nitecoupling itiscertainly possible fora com posite operatorto ac-

quire a non vanishing vev withoutitsbuilding blockshaving one.However,

ifthe vev is largerthan the dynam icalscale ofthe theory,the vev can be

treated classically and thus,in thecaseofquark bilinears,leadsto a sponta-

neousbreaking ofthe gaugegroup aswell.W e willreturn to thisin a later

section and quantitatively recoverthispicturefrom a geom etricdescription.

This con�guration can be easily m apped to the type IIB con�guration.

Asdiscussed earlier,theN S branesand thecom pactD4 branesarem apped
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to theresolved conifold in coordinates(21);therearetwo linesofsingularity

em erging from thenorth and south poleofP1,theanglebetween them being

given by the m assofthe adjoint�eld.A setofnon-com pactP
1
cycleswith

D5braneswrappingthem end on theselines.Dependingon theirorientation,

theirend pointon thenorth polelinedescribesthem assofthecorresponding

�eld whiletheend pointon thesouth polelinedescribesavev,orviceversa.

As any geom etry containing a conifold singularity,this one exhibits a

geom etric transition sim ilar to the standard one. Because ofthe presence

oftheD-braneson thenon-com pactcyclesthereism oreinform ation which

needsto betaken through thetransition.

3 G eom etric transition w ith fundam ental�elds

Theissueofintroducing fundam entalm atterin thegeom etrictransition has

been considered in [3,11,31];however,theanalysisappliesonly to a theory

with allquarks integrated out (i.e. they are allm assive) and only for an

in�nitely m assive N = 2 adjoint�eld. The goalofthe presentsection isto

relax theseassum ptionsand recoverthem uch richersetofresultsdescribed

in section 1.1.In particular,sincethelow energy theory isdescribed in term s

ofm esons,an essentialingredientistheirgeom etricinterpretation.

Therearetwo di�erentwaysofdescribing this.Oneway isto startfrom

the brane con�guration described above,liftitto M -theory and then m ap

theresultstothedeform ed geom etry,payingparticularattention tothevev-s

ofthefundam ental�elds.An alternativeway istostartfrom abranecon�g-

uration describing a �eld theory with bifundam ental�eldswhich reducesto

thetheory ofinterestin a certain lim it,describethetransition foritsassoci-

ated geom etry and then take theappropriate lim itatthe end.The issue of

vev-sforthebifundam ental�eldswasdiscussed forthebranecon�gurations

in [51]and in thecontextofthegeom etrictransition in [12].Theform erline

ofreasoningem phasizesthebehaviorofthe
avorbranesunderthegeom etric

transition whilesom ewhatobscuring thepreciseidenti�cation ofthevevsof

the fundam ental�elds. The latterargum entidenti�esm ore clearly the vev

ofthefundam ental�eldsin thedeform ed geom etry whilesom ewhatobscur-

ing the behaviorof
avorbranesunderthe transition. Forthese reasonsas

wellasforotherswhich willbecom eclearin section 5,wewilldescribeboth

approaches.

Startingwith thebranecon�guration in �gure 1,thestrongcouplinglim it
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isunderstood aslifting itto M -theory togetherwith taking the separation

between thetwo N S5 branestozero.Argum entssim ilartothosein [10]-[13]

im ply that the brane con�guration becom es an M 5 brane with the world

volum e[45,46,49]given by thecurve

yx̂ = � x̂ = x �
y

4m adj

(25)

where x̂ and y arethecoordinatesalong thetwo N S5 braneswhilex isthe

coordinatealongthedashed linein �gure1.Asx ! 1 wehaveeithery = 0

or y ! m adjx. In these coordinates y is the coordinate along the dashed

line,y = x8 + ix9,while x isthe coordinate along N S5,x = x4 + ix5. The

coe�cient ofy 2 can be freely adjusted to any non vanishing value,while

rem aining proportionalto the m ass ofthe adjoint �eld. W e willuse this

freedom to identify m adj with them assparam eteroftheadjoint�eld.

The M theory lift ofa D4 brane describing a �eld in the fundam ental

representation is a cigar-shaped M 5 brane which intersects the curve (25)

in exactly one point,say P.Asthispointisconstrained to lie on (25)only

one ofitscoordinatescan be arbitrarily chosen. Thisisconsistentwith the

�eld theory expectation that,given thesuperpotentialand am assparam eter

thereisa discretesetofchoicesfortheexpectation valueofthem eson �eld.

Conversely,given thesuperpotentialand an expectation valueofthe m eson

�eld,them assparam eterisuniquely determ ined.In typeIIA language,this

represents a setofsem i-in�nite D4 branesending on an N S5 brane whose

world volum eisgiven by (25).

The discussion in the previous section suggests that the coordinate of

P along the x direction equalsthe m assofthe corresponding �eld while its

coordinatealongtheydirection representstheexpectationvalueofthem eson

�eld builtoutofthecorresponding �eld.Therefore,thestrong coupling/M -

theory analog ofthe \integrating in/out" procedure of[42]represents the

transition between thetwo choicesofwhich oneofthetwocoordinatesofthe

pointP is�xed as\boundary condition".

W e want to em phasize that during the transition only the com pact P
1

cycle shrinks,butthenon-com pact2-cyclesrem ain unchanged.In typeIIA

theory thisrepresentsthefactthatatstrong coupling therestillexistsem i-

in�nite D4 braneswhich end on the N S5 whose world volum e isthe curve

(25).

Letusnow turn to theotherdescription ofthegeom etrictransition with


avor�elds.The starting pointisa theory with U(N c)� U(N m
f )� U(N M

f )

14



asgaugegroup.An N = 1 branecon�guration realizing thistheory involves

three N S5 branes,say A,B and C,atdi�erent pointsin the x6 direction,

whoseprojection on a (x;y)planeform sa triangle,with cornersdenoted by

IA B ,IA C and IB C ,respectively.Along thex
6 direction and ateach cornerof

thistriangle lie N c,N
m
f and N M

f D4 branes,respectively. Forde�niteness,

let us assum e that there are N c between B and C,N m
f between A and B

and N M
f between A and C.Thisbranecon�guration wasanalyzed in detail

in [56]where it was obtained by rotating an N = 2 brane con�guration

describing a gauge theory with gauge group U(N c + N M
f )� U(N m

f + N M
f )

and bifundam ental�elds. Am ong other things,it was shown thatthe dis-

tancem easured along theB branebetween IA B and IB C isequated with the

m assofthebifundam ental�eldswhilethedistancem easured in thedirection

orthogonalto the B brane between IB C and IA C isequated with the vev of

the o�-diagonalcom ponentsofthe scalar�eld in the adjointrepresentation

which break U(N c + N M
f )to U(N c).

To recoverthe brane con�guration described in the previoussection we

take the A brane to in�nity in the x6 direction,withoutcrossing the other

NS branes(in whatfollows,wedenotethisprocessasadecoupling lim it);in

thislim itthe U(N m
f )and U(N

M
f )gauge bosonsbecom e nondynam ical,the

gauge sym m etry becom esglobal. Thus,the bifundam ental�eldssurvive as

fundam entalsofU(N c).

Thissetup wasdescribed geom etrically in [12]in term sofa resolved A 2

singularity �bered overa plane. Am ong otherthings,itwasshown thatin

the slices of�xed x6 and x7 there exists a 1-cycle and the inverse im age

undertheprojection onto theseslicesofthecom pactdom ain bounded by it

ishom otopicto an S3.Itwasalso shown thatthiscycleexistson both sides

ofthegeom etric transition.Since itssize isproportionalto theexpectation

valueofthebifundam ental�elds,itcan beused togivean invariantm eaning

forthisexpectation valuein thedeform ed geom etry4.

The geom etric version ofthe fact that the brane A is taken to in�nity

isthatthe leftm ostsingularity line istaken to in�nity withoutcrossing the

other two lines. In this lim it two ofthe three P
1
cycles decom pactify and

we recover the geom etry described in the previous section. It is also clear

4Theresultsof[12]describetheexistenceoftwo typesofdeform ationsin thedeform ed

geom etry.The� rsttypearethe\norm alizabledeform ations"and correspondtodynam ical

quantities in � eld theory (e.g. the glueballsuper� eld). The second type are the \non-

norm alizable deform ations" and correspond to non-dynam icalquantities in � eld theory

(asthe vev ofthe bifundam ental� elds).
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that this lim it can be taken as long as no geom etric transition occurs for

the 2-cycles which decom pactify. Indeed, the geom etric transition is the

geom etric version ofthe strong coupling lim itwhile the decom pacti�cation

isthegeom etricim ageofa sm allcoupling lim it.

In theresolved geom etry,thedecoupling lim itleadsto a degeneration of

the \non-norm alizable" S3 cycle into an in�nitely thin and in�nitely long

subm anifold which touches allP1 cycles. Its projection onto the left-m ost

line ofsingularities describes the m assofthe m assive 
avor�eldswhile its

projection onto the direction orthogonalto itisproportionalto the m eson

expectation value.

Ifthedecoupling lim itistaken aftera geom etrictransition occursforthe

P
1 cyclebetween thetwo rightm ostsingularity lines,the\non-norm alizable"

S3 cycle degenerates into an in�nitely thin and in�nitely long subm anifold

which touchesthespecialLagrangian cycleand thenoncom pactP1 cycles.

In term sofbranecon�gurations,thetwo picturescorrespond to m oving

thebraneA toin�nity beforeoraftertheN S5branesB and C aredeform ed

intoauniqueone.From thispointofview ititclearthatthedecouplinglim it

and the deform ation ofthe N S5 branescom m ute. In geom etric term s the

two pictures correspond to decom pactifying two P
1
cycles before and after

a geom etrictransition occursforthethird one;here,thedecom pacti�cation

com m uteswith the geom etric transition because ofthe geom etric nature of

each process.

Com paring thetwo picturesim pliesthatthem assofthem assive�eldsis

given by thedistancebetween thespecialLagrangian cycleand thenoncom -

pactP1 cycleending abovethepointIA B .Denoting thisdirection by x,the

vev oftherem aining�eldstransform ingin thefundam entalrepresentation of

thegaugegroup isgiven by theprojection ofthedistancebetween thespecial

Lagrangian cycle and the noncom pactP1 cycle ending above the pointIA C
ontothenorm altox.Thissharpenstheidenti�cationssuggested by the�rst

description of
avor�elds.

4 E�ective superpotentialat strong coupling

Afterhavingdiscussed allthedetailsofthegeom etrictransitionforanadjoint

�eld of�nite m ass as wellas for m assive and m assless 
avor �elds let us

proceed to the com putation ofthe e�ective superpotential. In thissection

werecoverthegaugetheoryresults(4)(orrathertheirform when theglueball
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super�eld isincluded)from thedeform edgeom etrywithbranesand
uxes.In

thenextsection wewill�nd thesam eresultsby expressing thecom putations

in term sofa m atrix m odel.

Thus,the starting pointisa closed string background given by the de-

form ed conifold in thecoordinatesin which itsde�ning equation is:

pq+ y(x�
y

4m A

)= � : (26)

In this geom etry there exist D5m branes wrapping the noncom pact cycles

de�ned by the equation q = 0 and boundary condition5 x(p ! 1 )= x� as

wellasD5M de�ned by the sam e equation q = 0 buta di�erent boundary

condition y(p! 1 )= y�.

Asdiscussed in [3],thesuperpotentialofthegaugetheory dualto a con-

�guration of
uxesand branesconsistsoftwoparts.The�rstpartrepresents

thecontribution of
uxesand itisgiven by theGVW superpotential:

W F =

Z


^ F : (27)

The second part consists ofthe contribution ofbranes. The theory living

on the partofthe branes wrapping the cycles isgiven by the holom orphic

Chern-Sim ons action [52]. Theircontribution to the superpotentialcan be

com puted byevaluatingthisaction ona(generic)classical�eld con�guration.

This operation, which essentially integrates out at the classicallevelthe


uctuationsaround the classicalsolution,describes the obstructionsto the

deform ation ofthebranes.Asweareinterested in evaluating thisaction on

a non-com pactbrane,theboundary conditionsatin�nity arekept�xed.

In the context ofthe conifold geom etry describing an in�nitely m assive

adjoint�eld and forbranesdescribingm assive
avor�elds,both thesecontri-

butionswere com puted in [3]. W e willextend thiscom putation to describe

a �nite m ass param eter for the adjoint �eld as wellas 
avor �elds which

develop largeexpectation valuesfortheircorresponding m esons.

To evaluatethe superpotential(27)oneusually writesitin term sofpe-

riodsof
 aswellas
uxesthrough thedualcycles.

W F =

Z

A




Z

B

H N S �

Z

B




Z

A

FR R = �S � Nc� (28)

5Asdescribed in [43],itisnecessary to im posea boundary condition only in oneofthe

x ory direction,asthe otheroneisdeterm ined by equation (26).
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where

S =

Z

A


 �=

Z

B


 � =

Z

B

H N S N c =

Z

A

FR R (29)

The periods of 
 over com pact cycles are invariant under changes of

coordinateswhich do notchange the com plex structure. Thus,itiseasy to

seethattherelation between S and thedeform ation param eter� isidentical

totheoneinthecaseofin�nitem assfortheadjoint�eld.Indeed,introducing

thecoordinates

u =
p
m A x v =

y

2
p
m A

�
p
m Ax (30)

onecan writetheequation (26)astheusualbig resolution oftheconifold:

u
2
� v

2 = � (31)

Thischange ofcoordinatesisholom orphic. Therefore,by writing the cycle

asa 2-sphere�bered overa segm ent,we�nd [3]:

S =

Z

A


=

�1=2Z

�� 1=2

q

u2 � � du =
�

4
(32)

Thisishowevernotthecaseforperiodsovernon-com pactcycles.Indeed,

the corresponding integrals are de�ned with a cuto� which changes under

coordinate transform ations. In the (u;v) coordinates,the B -cycle can be

de�ned as an S2 �bration over a curve starting at u =
p
� and ending at

som e cuto�. However, we are interested in the periods com puted in the

(x;y)coordinatesand thusthecuto� in theu-planeshould bederived from

a m ore fundam entalcuto� in the x-plane. The two cuto�s are related by

(30);thus,theperiod integralde�ning � for�nitem assfortheadjoint�eld

is:

�=

� 0

p
m AZ

�1=2

q

u2 � � du =
1

2
�2

0
m A +

"

�
1

4
� �

1

4
� ln

�2
0
m A

S

#

+ O (
1

�0

) (33)

Ignoringtheterm swhich arepolynom ially divergentasthecuto�istaken

to in�nity,itfollowsthattheGVW superpotentialis

W F = S

 

ln
�2N cm

N c

A

SN c
+ N c

!

(34)
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where we also used the usualde�nition forthe dynam icalscale in term sof

thecuto� and thegaugecoupling (a.k.a.\dim ensionaltransm utation")

�2N c = e
�� �2N c

0
(35)

Equation (34) is indeed the correct gauge-theoretic expressions for en-

ergy scales less than m A : the adjoint �eld is integrated out and its m ass

contributesto thedynam icalscale:

�
3N c

N = 1 = �
2N c

N = 2m
N c

A (36)

W e now turn to the contribution ofthe D5 branesdescribing the �elds

charged underglobalsym m etry groups.Asdescribed above,they contribute

to the e�ective superpotentialan am ountequalto the holom orphic Chern-

Sim onsaction (which isthetheory living on thepartofthebranewrapping

the cycle) evaluated on a representative ofthe hom ology class ofthe non-

com pact2-cycleswith genericm odulidependence.

Asin thecaseoftheB -cycledescribed above,aproperde�nition forthese

cyclesrequiresa choiceofboundary conditions6.

To begin with,werecallthattheCalabi-Yau spaceofinterestisgiven by

pq= F(x;y) (37)

em bedded in C
4. In thisspace,the noncom pactcycleswe are interested in

arede�ned by [43]:

C : F(x;y)= 0 q= 0 x(p! 1 )= x� y(p! 1 )= y� (38)

where x� and y� represent boundary conditionsand the function F(x;y)is

given by the right-hand-side ofthe equation (25). The coordinate param e-

terizing thecycleisdenoted by p whiletheposition ofthecyclein thetotal

spaceisdescribed by a point(x�;y�)on thecurve �: F(x;y)= 0.

In [43]itwasshown thatthe holom orphic Chern-Sim ons action can be

written as:

S =

Z

C

dp

p
�d� = �

Z

C

dp

p
� d� (39)

where� and � arecoordinatesparam eterizing thecurve� and describeone

ofthe directions the cycle is allowed to 
uctuate in. This in turn im plies

6M ore form ally,they are cycles in a nonstandard relative hom ology group,for which

the constraintisgiven by the boundary conditions.
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thatonly one ofthem can be chosen independently asboundary condition;

theotheroneisdeterm ined by therequirem entthat(�;�)lieson �.Asthe

integraloverp factorizes,weareleftwith

S =

Z

�

�d� = �

Z

�

� d� (40)

In choosing the boundary conditions at in�nity we have to m ake sure

thatthey representa stable pointon the curve atin�nity. In otherwords,

theintersection pointbetween thecycleand �� = �(p ! 1 )should beone

ofthe criticalpointson the direction along which boundary conditionsare

chosen.

W ith these clari�cations,let us now evaluate (40) for D5m . In (x;y)

coordinates,their position on the x axis near the origin ofthe coordinate

along the cycle describesthe m assofthe corresponding quarks. Thus,itis

naturalto �x the boundary conditionsatin�nity in these coordinates. W e

willneverthelessevaluatetheaction in the(u;v)space.

Asexplained above,we �x the x� such thatitisa criticalpointofy(x).

Fixing theorigin on �� atx = m and solving F(x;y)= 0 fory we�nd that

one ofthe criticalpoints is at in�nity,which we regularize by introducing

a cuto� � 0. Translating to the initialorigin on � we �nd that we m ust

integrateover

x 2 [m ;�0 + m ] : (41)

Thisintervalcan easily be translated into an integration dom ain foru. Ig-

noring term swhich are polynom ially divergent asthe regulatorisrem oved

aswellasterm swhich vanish in thislim it,itfollowsthatthesuperpotential

is:

W m =
1

2

(� 0+ m )
p
m AZ

m
p
m A

q

u2 � � du (42)

= �S

�
1

2
+

1

4km S

�q

1� 4km S � 1

�

� ln(
1

2
+
1

2

q

1� 4km S)

�

+ S ln
m

�0

wherewehaveintroduced thenotation

km =
1

m 2m A

: (43)

W ecan easily recovertheresultsof[43]by taking them assoftheadjoint

�eld to in�nity,orratherequalto the cuto�. Itisnothard to see thatthe
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only surviving term from theequation aboveis

W m (m A ! 1 )= S ln
m

�0

: (44)

Letusnow considerthecontribution ofD5M to thee�ective superpoten-

tial.Asin theprevioussituations,wewill�x theboundary conditionsin the

(x;y)spaceand then translatethem to(u;v).In theprevioussection wear-

gued thattheprojection on they axisofthedisplacem entoftheD4M brane

along N S50 can be identi�ed with the m eson expectation value. Thus,we

willconsidera noncom pact2-cyclewhich endsatcoordinatey = 4
p
2iM .7

Determ ining theboundary condition atin�nity isslightly m oreinvolved.

Firstwesolvetheequation (25)forx(y):

x =
y2 + 4�2m 2

A

4m Ay
: (45)

From herewe see thatthere areseveralcriticalpoints.To m akeconnection

with thebranepicture,wewould liketopick boundary conditionssuch that,

asthecouplingconstantisdecreased,them esonswillhavealargeexpectation

value. As there is no criticalpoint at in�nity for realvalues ofy,we will

choose the brane to end atthe criticalpointatim aginary in�nity in the y

direction.

y� = 4
p
2i(�2

0
) x(y�)= 4i

�2
0

4m A

+ O (
1

�0

) : (46)

Therefore,wehavethefollowing integration dom ain:

y 2 4
p
2[i�2

0
;iM ] (47)

which in (u;v)coordinatesbecom es

v 2

p
2

p
m A

[i�2

0
;iM ] (48)

upon assum ing thatM islarge.

7The num ericalfactorcan be traced to a sim ilarfactorin equation (25). Itisrelated

to a di� erentchoiceofy coordinatecom pared to [46].
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Thus,wearerequired to com pute:

W M =
1

2

i

p
2M

p
m AZ

i

p
2�

2

0
p
m A

q

v2 + � dv = �
1

2

p
2M

p
m AZ

p
2�

2

0
p
m A

q

v2 � � dv

= �
M 2

2m A

+ S ln
�2
0

M
(49)

wherewehaveignored term soforder 1

�
and 1

M
.

W e are now in position to construct the fullsuperpotential. However,

in com bining equations(34),(42)and (49)we have to be carefulin count-

ing the RR 
ux through the A-cycle. As we saw in an earlier section,for

sm allcoupling,an expectation value forthe m eson �eld isequated with an

expectation valueforthefundam ental�elds.Iftheexpectation valueofthe

m eson islargerthan thedynam icalscalebutsm allerthatthecuto�,asim ilar

identi�cation ispossible8.Since weassum ed M to belargeand com parable

to �2
0
,this is the regim e we are studying. Thus,the brane picture applies

withoutm odi�cation and the rank ofthe gauge group issm allercom pared

to thepuregaugetheory by an am ountequalto therank oftheexpectation

valueofthem eson m atrix.Thefullsuperpotentialistherefore:

W full = S

0

B
@ ln

�
2(N c�N

M
f
)

0 m
N c�N

M
f

A

S
N c�N

M
f

+ N c� N
M
f

1

C
A � �S

+ S ln
�
2N M

f

0

detM
�

1

2m A

Tr[M 2]+ S ln
detm

�
N m
f

0

�
X

m

S

�
1

2
+

1

4km S

�q

1� 4km S � 1

�

� ln(
1

2
+
1

2

q

1� 4km S)

�

= �
1

2m A

Tr[M 2]+ S

 

ln
�3N c�N f detm

S
N c�N

M
f detM

+ N c� N
M
f

!

�
X

m

S

�
1

2
+

1

4km S

�q

1� 4km S � 1

�

� ln(
1

2
+
1

2

q

1� 4km S)

�

(50)

8Sincethequantum contribution to theexpectation valueofthem eson isequalto the

dynam icalscaleup to coe� cientsoforderoneitfollowsthat,ifitislargerthan � ,itm ust

be generated atthe classicallevel
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where km = m 2m A, � is the dynam icalscale at which the adjoint �eld

is integrated out,N M
f is the num ber offundam ental�elds com bined into

m esons,N m
f isthenum berofm assivefundam ental�eldsandN f = N M

f + N m
f .

5 E�ective superpotential at weak coupling; M atrix

M odels

In thissection we recover the �eld theoretic e�ective superpotentialin the

resolved geom etry and provide a geom etricjusti�cation ofcertain proposals

which appeared in the relation between the m atrix m odels with m assless


avorsand gaugetheory.

5.1 R eview ofthe results for pure gauge theories

ThelargeN duality between open strings(branes)on theresolved geom etry

andclosed strings(
uxes)on thedeform ed geom etrywasthestartingpointof

theDijkgraaf-Vafaconjecture.They argued thatthee�ectivesuperpotential

ofthe gauge theory living on the non-com pactpartofD5 braneswrapping

com pact2-cyclesin theresolved geom etry isgiven by thefreeenergy ofthe

m atrix m odelbuiltwith thesuperpotentialofthegaugetheory and thatthis

free energy is equalto the one ofthe topologicalIIB superstrings on the

deform ed side.

In thecaseofthesm allresolution oftheconifold,theargum entsforthis

bold conjecture rely on the fact that the �elds living on the 2-cycles are

governed by theholom orphicChern-Sim onstheory [52]aswellason thefact

thata �eld theory superpotentialcan be included in thistheory by sim ply

shifting the action by an am ountequalto the productbetween the K�ahler

classand thesuperpotentialevaluated on 0-form deform ations[55].

Z =

Z

d�0d�1e

R

C
� 0

�D � 1+ W (� 0)! (51)

Then,the equationsofm otion allowsone to set�1 = 0,aswellasrestrict

�0 to thezero m ode.Thus,thepartition function reducestojustan integral

overm atrices:

Z =

Z

d�e
�

1

gs
TrW (�)

(52)

The assum ptions ofthis proposalinclude the identi�cation ofthe glueball

super�eld with the ’tHooftcoupling ofthe m atrix m odel: S = N gs. Itis
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im portantto em phasize thatthe dim ension N ofthe m atricesappearing in

them atrix m odelisunrelated to therank ofthegaugegroup N c.

The originalDijkgraaf-Vafa conjecture wasstated forcom plex deform a-

tionsofan N = 2;A 1 singularity. Sim ilarresultshold in the case ofother

N = 2 singularities,e.g.those which lead to quivergauge theories.In that

case,besides the integralofthe adjoint�elds as in (52),som e extra term s

are required forintegrating the bifundam ental�eldsand the Chern-Sim ons

action issim pli�ed dueto localization on thelowestlying m odes.Thus,one

addsto thesuperpotential:

W bif =
X

i

Tr[Q i;i+ 1�i+ 1
~Q i+ 1;i]+ Tr[~Q i+ 1;i�iQ i;i+ 1] (53)

W enow turn tothediscussion of�eldsin thefundam entalrepresentation

and discuss the geom etric justi�cation ofthe variousproceduresofdealing

with m asslessquarks[24,30,39].

5.2 M assive and m assless m atrix m odels

Thegeom etry and m atrix m odelsforgaugetheorieswith m assivefundam en-

talm atter were related in severalpapers [22,35,31](see also [15,33]for

the case ofbifundam entalm atter). In [31]itwassuggested thatallthe D5

branes are replaced by RR 
uxes which would m ean that allthe 2-cycles

shrink and arereplaced by S3 with 
ux.

Asdescribed in section 3,thesim plestway to deal,in asim ilarway,with

both fundam entaland bifundam ental�elds with Yukawa-type superpoten-

tialsisto startwith the productoftwo gauge groupsU(N c)� U(N f)with

bifundam ental�eldsand to take the coupling constantofthe U(N f)group

to zero. Thus,thissym m etry becom esa globalone and the bifundam ental

�eldstransform in thefundam entaloranti-fundam entalrepresentation ofthe

rem aininggaugegroup.Thism ethod wasused in theDV contextin [35]and

wewilladjustitto ourcase.

It is however worth pointing out that this lim it can be interpreted ge-

om etrically as a \partialgeom etric transition". Indeed,the size ofthe P1

cycleswrapped by D5 branesisproportionalto the inverse ofthe coupling

constantofthecorresponding factorofthegaugegroup.Thus,thegeom et-

ric transition occurs only for the cycle wrapped by the branes generating

the U(N c)gaugegroup,while the othersrem ain asP
1
cycles;the vanishing

coupling constantlim itcorrespondsto decom pactifying them .
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Letusbegin with theN = 2 theory with productgaugegroup U(N c)�

U(N f),which isgeom etrically engineered asa resolved A 2 singularity with

N c D5 braneson oneP
1
and N f D5 braneson theotherP

1
.W ethen break

halfofthe supersym m etry to by adding a m assterm forthe adjoint�elds.

M ore generally,one can add an arbitrary potentialforthem ,butthisdoes

notm odify thediscussion.Asdiscussed in section 3,thereisalsoan S3 cycle

whosesizeisproportionalto thevevsofthem asslessfundam ental�elds.

Thecorresponding m atrix m odelis[15]:

Z =

Z

d�1 d�2 dQ d~Q e
�TrW (� 1;� 2;Q ;~Q ) (54)

where�i areM i� M i m atrices,Q isM 1 � M 2 m atrix and

W (�1;�2;Q;~Q)=
1

g1
W 1(�1)+

1

g2
W 2(�2)+ (55)

Tr[Q�2
~Q � ~Q�1Q] ; (56)

W i(�i)being polynom ialsof�i.

Theabovesuperpotentialbreakssupersym m etry to N = 1 and them od-

ulispaceisdescribed by theexpectationsvaluesfortheadjoint�elds� i and

forthebifundam ental�eldsQ and ~Q.Takingthelim itofvanishingg2 freezes

�2 to oneofthem inim a ofW 2.Sinceweareinterested in both m assiveand

m assless
avor�elds,weassum ethatonly partofthediagonalentriesof� 2

arenonvanishing.Asthediagonalentriesof�2 givethem assforthequarks,

we have then a splitting ofQ and ~Q into m assive and m assless �elds,the

potentialforthem atrix m odelabovebeing

VM M (�;Q; ~Q )= W (�)+

N fX

i= 1

(Q i� ~Q i)+

N m
jX

i= 1

m iQ i
~Q i : (57)

There is, however, m ore inform ation which can be obtained from the

description ofm assless
avorsin theprevioussections.In particular,wehad

to im pose boundary conditions on the cycles describing both m assive and

m assless
avors.Them assterm in thepreviousequation can beinterpreted

in thatsetup asarising because the noncom pact2-cycle describing m assive

fundam ental�eldsendsatoneofthenonvanishing m inim a ofW 2.

Itishowever clearthatthe above superpotentialdoesnottake into ac-

count the boundary conditions required for the cycle describing m assless
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avor�elds.In theprevioussection weim posed thecondition thatthenon-

com pact 2-cycles describing the m assless �elds end on the curve � which

is orthogonalto them at the points �xed by the eigenvalues ofthe m eson

m atrix. An equivalent way ofstating this boundary condition is that the

holom orphic Chern-Sim onsaction isevaluated with the constraintthatthe

m eson eigenvaluesare�xed.

W e can now supplem ent the potentialVM M with the appropriate con-

straint. In the weak coupling regim e the m eson isjusta bilinearin quarks

and antiquarks. Furtherm ore,one can perform an SU(N f)globalrotation

and replacetheconstraintthattheeigenvaluesofQ i
~Q j are�xed with there-

quirem entthatQ i
~Q j issom e�xed m atrix.In principle,itseigenvaluesshould

beequalto those which appearin theoriginalconstraint.However,asthey

were arbitrary,the corresponding m atrix is arbitrary. Thus,the partition

function ofm atrix m odelwith m assive and m assless
avorsis:

Z = N

Z

d�dQ m
d~Q m

dQ
M
d~Q M

�(QMi
~Q M
j � M ij)e

�V M M (�;Q ;~Q ) (58)

Thenorm alization ofthispartition function requiresdivision by theinverse

volum e ofthe m atrix m odel\gauge group" U(N ). As in the originalDV

proposal,thiscan beinterpreted asbeingpartoftheplanarand boundaryless

free energy. Thus, its contribution to the superpotentialis its derivative

m ultiplied by the rank of the gauge group (the unbroken as wellas the

broken part!).

Theequation (58)recoversthesuggestion [24]fortheinclusion ofm assless

quarksin the m atrix m odel,and isalso equivalent[39]with the suggestion

of[30]thatone�rstdeform sthem atrix m odelby m assterm sand then takes

them asslesslim it.Thiscan beeasilyseen byusingan integralrepresentation

forthe�-function in equation (58)and noticing thatthe new variableplays

theroleofm assparam eterforthequarksQ M and ~Q M .

For illustration purposes,let us brie
y analyze the case ofa quadratic

superpotentialforthe adjoint�eld and recoverequation (50). W e willalso

concentrateon theterm slinearin N f.In thecasescovered by ouranalysis,

thiscan beunderstood asarisingfrom thelargeN lim itforthem atrixm odel

gaugegroup.

Theeasiestway togoaboutcom putingthefreeenergyin thisregim eisto

representitasa sum ofvacuum Feynm an diagram sand furtherm ore notice

that any diagram contains exactly one species ofquarks. Thus, the free

energy receivestwo independentcontributions,onefrom them assivequarks
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and the otherfrom the m assless ones. The integralover m assive quarks is

com puted asin [21]and gives

Z = e
�

1

gs
F m assive

Z

d�dQ M
d~Q M

�(QMi
~Q M
j � M ij)e

�
1

gs
Tr[Q M � ~Q M +

1

2
m A �

2)]
(59)

where

F m assive =

N m
fX

i= 1

F (m i) (60)

F (m ) = S

�

�
1

2
�

1

4�m S
(
q

1� 4�m S � 1)+ ln

�
1

2
+
1

2

q

1� 4�m S

��

and �m = 1

m A m
2.

The nextstep isto integrateouttheadjoint�eld,asa gaussian integral

which im pliesthe appearance ofTr[(Q M ~Q M )2]. The rem aining integrand is

then expressed only in term softhe bilinear(Q M ~Q M )and itcan be pulled

outofthe integralbecause ofthe �-function. Furtherm ore,thisintegralis

also partofthe planarand boundarylessfree energy.Asitscontribution to

the superpotentialisslightly di�erent than the one of
avor�elds,we will

leaveitasideforthem om ent.Surely enough,wewilladd itback attheend.

W earethereforeleftwith:

Z = e
�

1

gs

�

F m assive+
1

m A m 2
Tr[M 2]

�
Z

dQ
M
d~Q M

�(QMi
~Q M
j � M ij) (61)

where� isa cuto� introduced herefordim ensionalreasons.

Therem aining integralwasperform ed in ([24])and yields:

Z

dQ
M
d~Q M

�(QMi
~Q M
j � M ij)= e

1

gs

h

S ln(detM =�
2N M

f )�N M
f
S ln

S

� 3

i

: (62)

Com bining allthe piecestogether,the resultisthatthe partofthe free

energy ofthe m atrix m odelarising from the integration over�eldsisgiven

by:

� gslnZ =

N m
fX

i= 1

F (m i)+ S

2

4ln
�
2N M

f

detM
� N

M
f

3

5 (63)

where�isacuto�.ClearlytheU(N f)invariancecan berestored byreplacing

theproductofeigenvaluesofthem eson m atrix with itsdeterm inant.
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Adding to this the contribution ofthe norm alization coe�cient N (i.e.

the Veneziano-Yankielowicz superpotentialforthe group U(N c))aswellas

the contribution ofthe integraloverthe adjoint�eld recoversequation (4),

provingthatthem atrixm odel(58)describesthefullnonperturbativephysics

ofthegaugetheory.

6 C onclusions

The m ain goalofour work was to �llcertain gaps in understanding the

relation between the gauge theories,geom etry and m atrix m odels for �eld

theories with �elds transform ing in the fundam entalrepresentation ofthe

gaugegroup.

W e described in detailthe geom etric construction ofa supersym m etry-

breaking m ass term of�nite size forthe adjoint�eld in the sim plest N =

2 theory and analyzed the inclusion ofm assive and m assless �elds in the

fundam entalrepresentation.Thegaugetheorydescribed bythisconstruction

isN = 1 SQCD with m assive and m asslessquarkscoupled with an adjoint

�eld of�nite m ass through a Yukawa coupling. Analyzing the geom etric

transition forthisconstruction wecom puted thee�ective superpotentialfor

thistheory em phasizing the contribution ofm asslessquarksaswellasthat

ofthe�niteadjointm ass.

Using the inform ation we gained from thisanalysiswe reconsidered the

geom etry priortothegeom etrictransition.Fortheorieswithout�eldstrans-

form ing in thefundam entalrepresentation thiswasthestarting pointwhich

lead to the DV proposal. W hile the inclusion of m assive quarks in this

fram ework waseasily achieved withoutreference to geom etry,certain di�-

cultieswereencountered in dealing with m asslessones.Thetwo solutionsto

thisproblem ,proposed in [24]and [30]on a �eld-theoretic basis only,were

shown to beequivalentin [39].From ouranalysisweseethatthisidenti�ca-

tion appearsnaturally from thegeom etricalpictureand itsrelation to brane

con�gurations.Aswasem phasized before(see [10]-[13]),the brane con�gu-

rationsrepresentavery usefultoolin thedescription ofgeom etrictransitions

and even m oreso in thelightofthenew correspondencesbetween geom etry,

�eld theoriesand m atrix m odels.

Finally,we illustrated the use ofthe m atrix m odelwe constructed and

recovered thee�ectivesuperpotentialcom puted from geom etricand topolog-

icalconsiderationsand found an exactagreem ent.
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Thereareseveraldirectionswhich can bepursued further.Aswedescribe

thecaseofm assless
avors,itwould beinterestingtouseD6branesinstead of

D4 branes.One im m ediate problem ispushing them through the T-duality

which gives a geom etric description to the brane con�guration,as naively

they becom e D5 branespassing through the interiorofthe P 1,which does

notbelong to thespace.

Another interesting direction is to consider brane con�gurations corre-

sponding to chiraltheories;T-duality transform ations would m ap them to

geom etrieswhich cannotbe obtained from N = 2 onesby deform ations. If

possible,thesewould becom ean extension oftheoriginalconjecturesto the

chiralcase.Form any m odelsofbranecon�gurationssee[49].
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